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Plane -parallel and axisymmetric flows of a chemically active mixture in which
only a single reaction takes place are considered on the assumption that the equi-
librium and the frozen speeds of sound in the medium are nearly equal, The
asymptotic system of equations which in the nonlinear theory of small perturba-
tions is valid in the range of transonic speeds is used, An exact particular solu-
tion of these equations is derived, which makes it possible to trace the process

of shock wave onset and development, If the particle velocity is higher than the
equilibrium but lower than the frozen speeds of sound, the shock waves are totally
dispersed, as in the case of one-dimensional flows, Waves containing discontinu-
fties with incomplete dispersion are generated, if the stream velocity exceeds

the frozen speed of sound,
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Flows of chemically active gas mixture in which the equilibrium and the fro-
zen speeds of sound were close to each other were first considered by Napolitano
[1]. Using the nonlirear theory of small pertwrbations and assuming that at any
point of space the particle velocity does not much differ from both of these speeds
of sound, he derived an asymptotic system of equations which is satisfied by the
parameters of the mixture, Further development of Napolitano's method appears
in [2, 3].

1, The strictly transonic mode, We assume, as in [1—3], that only a single
reaction takes place in the mixture whose composition is defined by the single parame-
ter ¢ called the completeness of reaction, We denote the specific volume, entropy and
internal energy by V, s and e ,respectively, and the affinity and rate of the chemical
reaction by () and ¢ ,respectively, In this notation the expressions for thermodynamic

derivatives are e (o e ( a7 )
en= (G ) o= (Gav)e 1=~ Gg)uy

We define the difference between the equilibrium g, and the frozen a, speeds of sound
by a small parameter ¢,, and denote the basic equilibrium state of gas on which small
perturbations are imposed, by subscript oo. The particle velocity modulus and the pres-
sure of gas are denoted, respectively,by v and p . In conformity with [1-3] for a strictly
transonic mode in which the particle velocity at every point of space is close to both

speeds of sound, we have

_ . P,
Crao = Eg——E .»

where the order of macgnitude of dimensionless constanmts €ip0, Geoo and Oy, is equal
unity,

Let #,and v, be projections of the velocity vector on the Z- and r-axes of a Carte-
sian or cylindrical system of coordinates, [ be a characteristic dimension along the
z-axis,and ¢ and A denote small parameters, We introduce dimensionless variables

defined by formutas I
z=La', r=3x7, ve=va(l4ev), v =chvaw, (1.2)

2
Voo — oo = E20ecO000s Voo — Bjoo = EgVecOfaa (1o1)

The deviations of density p = 1/V, pressure p, and of equilibrium ¢, and frozen q;
speeds of sound from their related values in the basic uniform stream are proportionalto
e. Thus . .

0= Ppo(l +20), p=pw(l+ep) (1.3)
G, == G (1 + 2a.), @5 = a0 (1 + ea4")
and the perturbed completeness of reaction, chemical affinity and the rate of reaction

must be of the order of the product of small parameters € and g,

poo 7 * qoo Y 2
= g, == 1.4
¢ a=eeard (1.4)

where 1 is the relaxation time, We introduce two more dimensionless quantities

2
L qcopoo ’
NT:?ZZ-’ Hl'_’ prﬁl

q = G (1 + Bsaq,)7 0 = E€q

related to that time,
It remains to substitute formulas (1, 1) — (1.4) into the equations to which motions of
the relaxing mixture are subordinated, We retain in all equations only the principal terms,
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neglecting terms of higher order of smaliness, and follow the asymptotic analysis presen-
ted in [3], For convenience we omit the primes at all dimensionless quantities and de-
fine small parameters by the following relationships: .

2
Py
2eMe = A? = 2,2 =
qocpoo 11 oov
with eaw 1 Pe

& Mo Nr TooPao 11 00 1

1o

In the considered approximation we have for the thermodynamic coefficient

1 9%q 1 32[)
Moo = Moo == N e = .
=TT o (aV‘i) 2p%,0%, (aVi)Q .

Using the results given in [3], we represent the system of asymptotic equations defining
the perturbed nonequilibrium flow of mixture in the form
2
1) Oy [av, 2,7 4 TP Ci1o0 8g 15
(Ux+d—“2‘) ox +( 1)7]“? P13 67 (.)
aq 1 ( . Pty ) dve 0o,
[T —— v y g —

=TT 7% Pao®y1 o or oz
In the case of plane-parallel motions the parameter v = 1, while in that of axisym-
metric motion v = 2. The system of quasi-linear equations (1, 5) is for v, > ¥/, — ©
ofthe hyperbolic kind,
Since the remainder 2 2
1 P o0 I% o
Ofoc = Geoo == —— R

2 qoopoe 11 m”%c

this condition means that the velocity of gas particles exceeds the local frozen speed of
sound, Directions of the three characteristics are defined at every point by the relation-

ship de ) dr
Y vt o E0 (1.6)

Introducing in the analysis the new unknown function u = v, - ¢, from system (1, 5)
we obtain for its determination the single third order equation

1 o922 2u | v—18u 1 Bu a1 a2 32u v—1du

s (o 5) =rvm— lalr e — (5 a) ] an
containing only one constant parameter /, which depends on the properties of the relax-
ing mixture,

2, Transformation to an ordinary differential equation, Equation
(1,7) is more convenient for further operations than system (1, 5), We seek its solution

in the f
in the form u:é(%) r2w2v—f(§) £ =cx—dr? 2.1

where ¢ and g are arbitrary constants and function f () is taken to be the integral of
the third order ordinary differential equation

It (@) —E—v= e H+ (R ) B -mE e
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Solutions of form (2, 1) were often used for defining flows of inert gas, A stream with
local supersonic zones at the walls of a Laval nozzle was investigated in [4, 5] on the
assumption of absence of dissipative processes, The use of formulas (2, 1) for determin-
ing the velocity field of an inviscid gas in another off-design mode in a nozzle with the
supersonic region occupying the whole throat and containing downstream a compression
shock was shown in [6], The possibility of extending these solutions to the analysis of
motions of a viscous and heat-conducting gas of both kinds was indicated in [7, 8], The
transformation of a dissipating gas stream into a perfect inviscid flow was investigated
in {9] by means of passing to limit,

It will be evident from the subsequent analysis that integral (2, 1) with function [ (&)
satisfying Eq, (2, 2) makes it possible to trace the onset and development of shock waves
generated in flows of a chemically active mixture,

The integration of Eq, (2, 2) yields

a@FNG——NTra(d) —j—2e=20a @9

(OC=—-’ZC, B::Zc:—d)

where 4 is an arbitrary constant, For convenience we assume that constants ¢ and d
are positive, which implies that constants o and f§ are also positive,

To investigate the properties of the nonlinear equation (2, 3) we first determine the
form of functions ¢ and v, . Substituting the expression

2
9oPeof1100 dy? d 4
into the second equation of system (1, 5), we obtain
dh
7 + b= f
Eliminating from the analysis function A which for § — — oo increases exponentially,
we obtain from this £ £
h————exp( )Sexp (-&—)fdg (2. 5)

Let us determine the transverse component of the velocity vector, The last equation
of system (1, 5) implies that

UrzBlr—}—Bgrs»i—S(%)gxr+4v§rf(§) (2.6)

It remains to determine constants B, and B,. To do this we use the different expressions
for the derivative dq/ 0z which are obtained from the first and second equations of sys-
tem (1. 5). The substitution into the right-hand side of the second of these equations for-
mulas (2,1) and (2,4) for v, = u — ¢ and g, respectively, yields
2
TooPo®1100 99 - ».i. .
Pz o 0T 2v lc2 (h—1)
Taking into account formula (2, 6), from the first equation of system (1, 5) we have
2o e
ol 2 o[ vBi— @+ V) Bt —8v (L) e — 4w T7

Poobys o ox

d&f+42d fdg}
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where the right-hand side must depend on the combination of § independent variables
of = and r. This condition is satisfied only for

8v dy?
By =5 (%)
Equating the above two expressions for dq/ 0z, we obtain
df
Bh=oB 5B +22E4 (2 4B/ —aB+ Nz @7

Recalling formula (2, 5) for function % and differentiating expression (2, 7), we obtain
Eq, (2. 3) with (2ad + vPcB,)/(vd) in its right-hand side, Hence it is obvious that

B, =8 (£) 4=

Let us also note the form of function ¢, which defines the extent of deviation of the
state of mixture from complete thermodynamic equilibrium, It was shown in [3] that
in the considered approximation

q%npco €11

d
Q= 7 l]+31zoovx=2\’€1zw;2—(h—-f) (2. 8)

Let us revert to Eq, (2, 3), The following two particular integrals play an important part
in the analysis of its solutions:

1 . 8 2 A—1

The variation of the chemical reaction rate affects coefficient I and with it also a.
For o = ( formulas (2, 9) define the motions of an inviscid inert gas [4 — 6], However
the presence in the definition of function f of a term proportional to o is unimportant,
since it can be made to vanish by simply altering in the input equations (1, 5) and (1, 7)
the origin of the z-coordinate, This can be also achieved by setting constant 4 =1,
when bys and constant B, vanish, which corresponds to the case when the velocity field
of an inert gas flow is analyzed, Let usset 4 = 1. Then the integral f = q,& repre-
sents a stream whose velocity field at the inlet of a Laval nozzle is subsonic and in the
neighborhood of the nozzle critical cross section passes through both the equilibrium
and the frozen speed of sound,

Let us derive the initial conditions for integrating Eq, (2.3) . The solution which
determines a chemically active mixture must obviously be at infinity upstream, i, e,
for £ —~ —oo, close to the solution for an inviscid inert gas, However all operation
modes of a nozzle through which flows an inert gas are defined by relationships where
for £ - —oo tend to integral (2, 9) with ¢ = @, [4 — 6], It follows from this that ini-
tial data for the integration of Eq, (2, 3) must be chosen for considerable negative values
of g in the neighborhood of f = g;E. To obtain a more exact idea of the asymptotic
behavior of the sought solution we set

f=at+%(8), ea=q (2.10)

and, assuming that the quantity ¥ () is small in comparison with a§ , we linearize Eq,

(2. 3) and obtain
(B +a8) Fr + [ (20 — 1) + E1 Z + (@ — 1)1 =0

After the substitution of | = — (B -+ ak) / (xa) for the independent variable, the last
equation can be written as
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a2y a— 1 B dy a—1
dn2+( _&Tz“n)d'q ——x=0
which is the canonical form of the confluent hypergeomeuic equation [10], Using the
conventional notation for such equations, we write its solution as
a-1 B

x=Ci® (2, 2ot By tem ¢ oL L8, n) @11

a

It remains to determine the relation between constants (', and C,. This can be achie-
ved by using the asymptotic form of hypergeomewic functions for 5 — -+ oo, For
a> Uand §-» — oo the variable 1 —> -+ oo, Hence [10]

—1+L£ r 2-“—;”———3—& r{l+8
r=" 1+aa€"‘G( im% 'ﬂ) Cl (I‘ (a;_i)&a) + A E‘d(&%;a) + ...

where I' denotes Euler's gamma function,and G (1/ a, 1 — [ / (@a); n) represents
an asymptotic series in inverse powers of 1, which for v ~» co tends to unity, To ob-
tain a solution which tends to vanish at infinity it is necessary to equate the expression
in brackets to zero, This yields the relation between C; and (,. Formula (2, 11) now

becomes

chl[(b(g_}i,za;i“&%;n)_ (2.12)
M)t (B -2) =z

e a fef23

a ““@(E,i+_3_; TI)

FE)T ()

The linear combination of the hypergeometric functions appearing in brackets is propor-
tional to the so-called ¥ -function [10], hence for 1} — - oo and £ — — co we ob-
tain a—1 a—1 a4~-1

x=a % (n ® +...=C{(=8 % +... (2,13)

=, )

AT

The constant ), in formulas (2, 12) and (2, 13) remains arbitrary and on it depend initial
values of function f (). In the asymptotic expansion of ) (&) the exponent of the prin-
cipal term is _a—1 1+ VIiFx8/w 0

@ 1 VIi+8/v <
hence the second term in the right-hand part of equality (2, 10) is in fact considerably
smaller than the first when £ .. — oo, It can also be shown that formula (2, 13) repre-
sents the principal term of the asymptotic expansion of the correction ¥ (&)in the case
of motion of an inert gas, which is governed by Eq, (2.3) with & = 0.

3, Continuous flows, Let uselucidate the meaning of the particular value of
f = — P for which the coefficient at the leading derivative in the ordinary differential
equation (2, 3) vanishes, Recalling formulas (1, 6) we write the equation which specifies
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the slope of characteristic curves
dx dy2? d 4
(%) =4(5) r—vzro—3 G.1)

We seek its solution in the form § = & = const, e, z = ¢ (§; -+ dr?). It follows
directly from Eq, (3,1) that f(,) == — [b. Thus the intersection along any integral
curve defined by Eq, (2, 3) with the straight line f = — [§ implies the intersection of
a characteristic in the physical space,

Let us determine qualitatively the properties of the considered integral curves whose
asymptotic behavior for § — — oo is defined by expansion (2,13), First, we set the
constant C > 0. It follows from formula

df o 1 _ 2a;—1
g=uti20=y 7+
for the derivative that there exists an mterval — oo << § <CE, in which df /dg > a;.
It can be readily shown that when condition f (§,) > — P is satisfied, the slope ot the
integral curve defined by Eq. (2, 3) at point £ — &, must remain greater than that of
the straight line f = a,& .

Let us assume the contrary, i, e, that df (§,) / df = a;. Then d&%f (§,) / d§> << 0. Fur-
thermore, obviously

f )= a8+ ab, >0 (3.2)
Substituting these values of function / and of its first derivative into Eq, (2, 3), we obtain
B+ N5 diz = ba, (3.3)

The second derivative 4% (§,)/dE* determined by this equation is positive, The derived
contradiction proves the above statement,

Let some integral curve defined by Eq, (2, 3) intersect the straight line f — — § at
a point where § -= E_ and its slope and curvature remain finite, We have
df 1 B 1 V Byz 8 Ee
aE, 2(1+E)i2 (1_&') +7(1+’E) 6.4

The curve of derivative df / dE, is shown in Fig, 1, where

— v A% dfs 1
E***_O‘[i"*”s"( "“é?) } dE, T 2 (H“ )
We denote by §, the abscissa of the intersection point of straight lines f = ¢, and
== — f}. Obviously g, = —B/a >0. For § = §; from formula (3, 4) we have

d
The first of these expressions for derivatives relates to the straight line f = a,§.

Let us prove that the integral curve defined by Eq, (2, 3) with asymptotics (2,13) can-
not reach the straight line f = — f,when § — — oo and C > 0, If it did intersect
this line at some point where § = [, then by virtue of the previous proof we would have
E. > Ejand a, <<df/ dE, < 0. Since we have to take in Fig, 1 the lower branch of
the curve shown there, where £, *> E, , we find a contradiction with the initial estimate
df 1 dk, << a;.

Let us now set in the asymptotic expansion (2,13) the constant ( <~ (. Then in some
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interval — oo < § <C ¥, the slope of the considered integral curve must be smaller
than thar of the straight line f = a,&. If f(E,) > — B, then also at point where
ar & = E, the derivative df (&) / dE<Z qay.
— / As previously, the proot of this statement
is derived by contradiction, i, e, by assum-
ing that df (§;) / d§ = ay. Then df (o) /
4t% >» 0. Using the first of formulas (3, 2),
where the sign of constant & is to be re-

versed, we againobtain formula (3, 3) with
; a negative right-hand part, This leads to

é
; &, a contradiction in the computation of
a T~ @ (&) / &
1

The integral curve defined by Eq, (2, 3)
with asymptotics (2,13) and (' <7 () can
intersect the straight line f - — [ only
at a right angle, since as just proved, at the intersection point £, < &, and df / &, <C
a,. Were the derivative df / d&, to remain finite, it would have to be defined by the
lower branch of the curve shown in Fig, 1., However for &, << §, that curve shows that
df | d&, > a,, which implies that the slope of the considered integral curve becomes
infinite when it reaches the straight line f = — .

The infinitely great value of the derivative df / d§. for f(E,) == — p implies the
onset in the physical space of infinitely great accelerations along the line which at each
of its points has a characteristic slope, This line is the envelope of characteristic curves
[11], Hence the integral curves defined by Eq, (2, 3) whose asymptotic behavior for
t — — oo is specified by expansion (2,13) cannot be used for the determination of
fields of real flows,

Having established qualitatively the properties of Eq, (2, 3), we can pass to its direct
integration, Let us consider, as an example, the flow through a plane nozzle for which
the constants are: v = 1 and a; = — 1. Although the initial conditions for function
f and its first derivative are defined by formulas (2,12) and (2,13}, it is better to use the
more exact asymptotic series

Fig, 1

/ 1
f:—wg—i—C%é—SaSCé;—Z(40&23——36)(3%&—}- (3.6)
i
'15(123([3—20!)65-}—...
d 1 1 1 |
a“fe: = —1—-2C 5 +12a8C 5 + 10(40&(3-——3—6)(,,@“

90073 (B — 20) C 55 4 -+ -

which are derived with the nonlinear terms in Eq. (2, 3) taken into account, The results
of computations are shown in Fig, 2, It was assumed that o == 0.1, p = 0.25, and the
coefficient  in formulas (3, 6) was equat 101, 10~2, 10-% and 10~ The integral
(2.9) for @ = a;and a = a, is represented by the straight lines ac and bd, respectively,
The values v, < — O comespond to the interval in which particle velocity is lower
than the frozen and equilibrium speeds of sound, For —¢ << v, <C'/3 — ¢ the equi-
librium speed of sound limits the stream velocity from below and the frozen one provides
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its upper limit, The values v, > !/, — ¢ correspond to the interval in which the par-
ticle velocity exceeds both speeds of sound, The regions in which the velocity of the
stream is contained within one of the

f / 8/ 2 three intervals are denoted in Figs, 3
/ and 4 by letters A, B and C.
The curves in the Ef -plane provide
AN 7 the distribution of the perturbed velocity
a / / v, (z, 0) along the central streamline
(the nozzle axis), and in conformity with
\._/ﬂ; equalities (2. 1)
e va(z, 0) = — 6 — 2v 2 £ (§)
N /] The curves in the half-plane f > 0
/ . . .
> relate to flows in which particles move
7 f;:i 025 7 N [ 705 & along the central streamline at a velo-
: 9, city lower than the equilibrium speed
/ of sound, while in regions along the chan-
a5 nel walls they can accelerate to veloci-
ties exceeding the equilibrium and the
| frozen speeds of sound,
4 il ¢ It will be seen that for f = — B
Fig, 2 function v, (z, 0) = 1/, — 0. Hence

the integral curves of Eq, (2, 3) which
intersect the band —f <Cf << define flows at a velocity lower than the frozen but
higher than the equilibrium speed of sound along the central streamline, The velocity
of particles in such flows may exceed the first of the two speeds of sound at some dis-
tance from the axis of symmetry,

Both kinds of considered flows are continuous,

Let us compare these flows with one-dimensional flows of relaxing mixture considered
in detail in [3, 12, 13], The last of these papers contains some profound analysis of sta-
bility of such flows, Geometric characteristics of inert gas flow are given below for
comparison,

Fig. 3
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Curves lying in the half-plane f>> 0 represent flows which have no analogs among
one-dimensional flows, These flows are diagrammatically shown in Fig, 3,a, At con-
siderable distances from the nozzle axis the stream passes first through the equilibrium
and then through the frozen speed of sound, If instead of a relaxing mixture an inert
gas is considered, these flows correspond to flows with local supersonic zones adjacent
to the channel walls,

The integral curve defined by Eq, (2, 3) tangent to the axis f = 0 represents the limit
flow in which regions where the particle velocity exceeds the equilibrium speed of sound
merge at the central streamline (Fig, 3,b), The presence of a chemical reaction results
in that the limit flow has no particular character, As in the case of a viscous inert gas
[7 — 9], the derivative dv, (2, 0) / = = 0 at the point of junction of regions with v, (z,
r) > —a¢ . The curve along which particle velocity reaches the equilibrium speed of
sound has a cusp at the axis of symmetry, The corresponding limit flow of an inviscid
inert gas is shown in Fig, 2 by the broken line aob. In such flow the derivative v, (z,
0) / oz = 0 and is discontinuous at the junction point of local supersonic waves; only
when the acoustic line is straight the acceleration vanishes at its intersection with the
axis of symmetry [14, 15],

The stream field remains qualitatively unaltered when the perturbed velocity v, (x, 0)
exceeds —0 , However for its maximum values close to the right-hand end of the interval
0 < vx (z, 0) <Y, — ¢ regions of relatively considerable gradients of the mixture
parameters appear in the stream, as implied by the behavior of curves in Fig, 2, Such
regions may be considered as shock waves with total dispersion, whose structure in one-
dimensional flows was investigated in [3, 12, 13], Although qualitatively the analogy
is complete, however in the considered case the distribution of gas parameters inside the
shock wave is somewhat more complicated, owing to the presence of the transverse com-
ponent of the velocity vector, Flows for —o < v, (z, 0) <1/, — ¢ are shown diagram-
matically in Fig, 3, c, Passing from a relaxing mixture to an inert gas it is necessary to
compare these with flows with local supersonic zones at the channel walls, A distinctive
feature of relaxing mixture flows is that the curve along which particle velocity reaches
the equilibrium speed of sound has two separate branches which connect the walls to the
axis of symmetry, The neighborhood of the second of these branches, where the stream
is rapidly decelerated, is a completely dispersed shock wave,

Let us now consider the second limit case, when the regions of velocities exceeding
the frozen speed of sound merge at the central streamline, Such limit flow is represented
in Fig, 2 by the line consisting of the straight a0, and the curve o,b;. This flow is of a
particular kind since point o, corresponds to the characteristic of the input system of
equations of gasdynamics along which various solutions intertock analytically, The re-
gion of considerable gradients represents here a completely dispersed shock wave up-
stream of which the particle velocity is exactly equal to the frozen speed of sound, A
further property of the one-dimensional structure of such wave is the nonanalytic distri-
bution of parameters of a relaxing mixture; the uniform stream is generally not subjected
to the action of perturbations on one side of the point-characteristic, and is in the state
of complete thermodynamic equilibrium [3, 12, 13], At the merger of regions where
ve (2, ) > 1/, — o the derivative v, (z, 1)/ dz == 0 and is discontinuous, As noted
above, the velocity field of an inviscid inert gas with local supersonic zones merging
along the central streamline has a similar property, A consequence of this property is
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that the curve along which particle velocity reaches the frozen speed of sound intersects
the axis of symmetry at a right angle and forms a cusp there (Fig, 3, d).

4, Incompletely dispersed shock waves, Let us consider another off-
design operation mode of a Laval nozzle, when the whole central part of the channel is
taken by the zone in which particles move at a speed which exceeds not only the equi-
librium, but also the frozen speed of sound, In the §f-plane the stream in the inlet part
of the nozzle is represented by the straight line ao,, hence the distribution of mixture
parameters remains the same as in the previously described limit case of merger along
the axis of symmetry of zones in which the mass flow rate is higher than the frozen
speed of sound, Since the passing across the straight line,f =— —3 along line ac is
admissible, the complete flow /upstream of and/ up to the shock front is defined by the
integral (2, 3) with ¢ = q, = — 1. Downstream of the compression shock the stream
field is specified by function f which is determined by integrating Eq, (2, 3),

Let us derive the boundary ‘conditions which must be satisfied at the compressionshock
in the considered here approximation, We shall carry out the analysis of Hugoniot’s
equations by the method used by Busemann [16] in the case of transonic flowsofan inert
gas, We revert to the dimensional input equations and denote by subscript 1 the para-
meters of gas on the side of the discontinuity line which faces the oncoming stream and
the related parameters on the opposite side of this line by subscript 2, The first condi-

tion gy == g1 (4'o 1)
is obvious; it is the consequence of the instantaneous shock compression of gas,

We denote by oy the frozen Mach angle and by y the angle between the tangent to
the shock front and the axis r; in a strictly transonic mode the latter is small, For any
weak shock wave, with allowance for equality (4, 1), we have

. 1 my Ppp—n )
€087 = sin e L
v s (1 + 2 sin?a,  P1g;?
fs 1

In computing the Mach angle it is necessary to take into consideration that the stream

velocity at infinity is close to both speeds of sound, In the first approximation we have

Pr— Py _ Um——afm
Po?eo Voo
Expanding cos ¥ into a series, from the last two formulas we obtain

. a
smoc;,:z%_—_1_§_m!®

T s

0 Poc¥io
This formula relates the angle of the shock front slope to the change in pressure across
the shock, The third condition which is to be satisfied at the compression shock is that

of continuity of the tangential component of the velocity vector
V”xl + vrl = vaz + v12 (40 3)

If £ = z,(r) defines the discontinuity line, then Y = dz, / dr. Using this equality,
we substitute formulas (1,1) ~ (1, 3) into conditions (4,2) and (4, 3), It was shown in
[1 — 3] that the pressure increase p— Poo = — Pos¥oo (¥, — ¥s). Passing to dimension-
less variables (omitting primes in superscripts), we now obtain

vm—am . 0y —— 2
P=2l Yo, DEN (4.2)
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dxs

dzrg\ 2 1 dx
(7178) =—2—(u2+u1—1), uzﬁ’}'vrz:lhd—:‘l" Ur1 (4, 4)

Let us assume that the shock front has the shape of a second order curve & = £, =

const,i.e, z = C~1(§, 4 dr?). Taking this equality into account, from the first of
conditions (4, 4) we obtain
fo +Hi=—28 (4. 5)

while the second condition is identically satisfied, The quantity f, = a,§,, hence the
geometric locus of points which define the state of gas in the f-plane downstream of
the shock front is a straight line, shown in Fig, 2 by the dash line,

Integration of Eq, (2, 3) requires the prior determination of the derivative df» / dE.
In the considered solution of equations of gasdynamics condition (4, 1) has the form
hy = hy. This and expression (2, 7) for function % yields

dfs | dh _ B
T (1+?) (4.6)
This formula is not valid in the limit case of f, = f, = — {3, when equality (3, 5) is

to be used instead of it,

Let us show that investigation of the structure of the velocity field downstream of the
flow does not result in any supplementary boundary conditions which it would be neces-
sary to satisfy for integrating Eq, (2. 3). For £ — - oo the solution, which defines a
chemically active mixture, must tend to the solution for an inviscid inert gas, However,
all off-design modes of nozzle operation with an inert gas are specified by expansions
which for £ — 4 co asymptotically approach integral (2, 9) with @ = g, [6], This im-
plies that for considerable positive § the solution of Eq, (2, 3) must pass in the neighbor-
hood of the straight line f = a,§. The last requirement is satisfied only when the asymp-
totic representation of function / contains two arbitrary constants,

The asymptotic properties of integral curves of Eq, (2, 3) can be readily established
by expressing function f in the form (2,10), where, clearly, a = da,. The correction ¥
is specified by formuta (2,11), From this for § — - oo and 1 — — oo Wwe obtain

o1 . ; I‘(Za——1 B)
—(—nmn) @ 2 LN a aa +
B O ) @ r(i-—=)
Czr(i 051) 4+ ..

where the dots denote exponentially small terms, Since
for @ = a, and any values of constants C, and C,
the exponent
_a—t _ - VI
« Uy Vitsy o

the second term in the right-hand part of formula
b (2.10) is considerably smaller than the first term,
Hence both C; and C, are arbitrary, For the consid-
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ered here solutions these constants are determined by numerical computation associated
with the continuation of integral curves of Eq, (2, 3), which are uniquely defined by the
Cauchy formulas (4, 5) and (4, ), into the region of considerable E. Curves presented in
Fig, 2 relate to &, = 0.3, 0.5 and 0.7.

For f, = m,&, the derivative dfy / d& =1 + a; + 2B / o is independent of the
position of the compression shock, Behind its front the gradients of the relaxing mixture
parameters are comparatively great, hence the compression shock with the adjacent
downstream region can be treated as a shock wave with incomplete dispersion, Incomp-
letely dispersed shock waves in one-dimensional flows have a qualitatively very similar
structure {3, 12, 13],

Velocity fields in flows with discontinuities are shown in Fig, 4, a and b, where the
compression shock is shown by heavy line, The first of these modes is characterized by
a fairly weak shock wave behind whose front the perturbed velocity is —0 < vye (2, 0) <C
/a — 0. In the second mode the compression shock intensity is considerably greater so
that Vx2 (%5, 0) < — o. Both these modes relate to inert gas flows in which the supersonic
region occupies the whole of the Laval nozzle throat, Since for an inert gas df, / d§ =
1+ @, hence in the flow region contiguous from behind to the discontinuity line gradi-
ents of the relaxing mixture parameters are greater than in the case of an inert gas, The
difference is explained by the chemical transmutation of mixture elements in the in-
completely dispersed shock wave,

We note in conclusion that for integrals f = af and & = a,, function & = g (¢ — a}.
In conformity with the definition (2, 8) of chemical affinity, we obtain from this

. d
Q=—2vey 0050
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An earlier paper [1] gave the exact solutions for cylindrical and spherical waves,
which made possible the solution of the problem of diffraction of waves due to
a three-dimensional and a plane source, In the present paper the class of exact
solutions is expanded significantly, The problem of diffraction of a wave due to
a plane source by a semi-infinite plate is solved in a finite form,

1, We know [1] that if a solution of the wave equation

2D | 2O P20
oo M T =0 .1

is homogeneous in ¢ and r =} 22 + 5 of degree — 1/, and has the form @_,, (¢,
r, 0), then ®_y, (¢t + a (22 — r*), 1, 0) ,where @ = const and 8 = arctg (y [ x),
also satisfies (1,1), On the other hand, the relation connecting the homogeneous solu-
tions of the wave equation which have different degrees, is well known, In particular, if
My and @, are solutions of (1,1) homogeneous in ¢ and r of degrees 0 and 7 , respect-
ively, and such that (@, /t")|,—;, = @gl;=,, then they are connected by the following

relation [2, 3]: "o o
o, — (=02t 8" ®a(r,t,0) (1.2)
" (2ry! " Ve
Let us now set, in a purely formal way, the sum of the solutions of the wave equation,
using the relation (1, 2)

(tﬁ o r2)n+‘,’s



